1= (*Reci procal square root with a quadratic approximation followed by a 2nd-
order Househol der iteration. x)

2= fi [X_]:=pi.NestList[#+*Xx & 1, Length[pi] -1]
mpal= FIX_1:=1/Sqrt [(x+1) /2]
4= Xi = N[(Tabl e[-Cos[i #x/3], {i, 0, 3}1%3 + 1) /4]

oua= {-0.5, -0.125, 0.625, 1.)

nL7}= pi =
{p0, pl, p2} /. (Solve[ ({p0, pl, p2}. {1, #, #"2} &/exi) - (f /exi) == {e, -€, €, -€}* (f /@xi),
{p0, pl, p2, €}])[I[1]]

oui7]= {1. 4378, -0.823394, 0.409642}
{1.437799046117536', -0.823394375837328‘, 0.4096419668459485" }

npep= ((fi /exi) - (f 7rexi)) / (f /@xi)

outig]= {-0.0240466, 0.0240466, -0.0240466, 0. 0240466}

InfLo)= Xi =
Join[{xi [[111}, #- ((DL(fi [x] -f[x]) /f[x], x]/D0(fi [x]-f[x])/f[x], X, X] /. x>#) &/en) &
Take[xi, {2, -2}11, {xi [[-1]1}]

oufio= {-0.5, -0.175472, 0.581492, 1.}

o= Plot [(fi [x] - f[x])/f[x], {X, -0.5, 1}]

out[20]=

1.0

_ooLf

_oo2f

in21:= Round[pi %16 384]

ouzi- {23557, -13490, 6712}

in22l= Myldfa_, b_]:=Floor[a*xb=x (1. /2"14)]

in23l:= Myl5[a_, b_]:=Floor[a*xb=* (1. /2715)]

n24:= rsqrt [x_] :=Mdule[{n, r, y},
n=x-32768;
r =23557 + mg15[n, -13490 + ngl5([n, 6713]7;
y =2% (mgl5[mgl5[r, r], n] +ml5[r, r] -16384);
r +mgl5(r, myl5[y, -16384 + mgl5[y, 12288]1]]
1

nf2s]= rsqrt /e {16384, 16385, 16386, 16387, 16388, 16389, 16390, 16391}

outzs]= {32766, 32766, 32765, 32763, 32762, 32761, 32760, 32759}
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ine)= rsqrt /@ {65535, 65534, 65533, 65532, 65531, 65530, 65529, 65528}

out26]= {16385, 16385, 16385, 16386, 16386, 16386, 16386, 16386}

In[27]:=

out[27]=

In[28]:=

out[28]=

In[29]:=

out[29]=

In[30]:=

out[30]=

In[31]:=

In[32]:=

Plot [(rsqrt[x] -16384/Sqrt [x /65536]) / (16384 /Sqrt [x /65536]), {X, 16384, 65535}]
”
|
m ‘ |
i l I‘l

I l “ I|l \ll(ll\ml\l “ |U‘ "‘ m \ ‘H l‘\ ‘\Il‘

, i “‘.,‘w"’\” H
it | i ‘ ” ‘ |\“|
|

—0.0p005

-0.0001

Sgrt [Mean[
Tabl e[N[(rsqrt [x] -16384 /Sqrt [x /65536]) / (16384 /Sqgrt [x /65536])]1"2, {X, 16384, 65535}]1]]

0. 0000280979

Max [
Tabl e [Abs [N[ (rsqrt [x] -16384/Sqrt [x /65536]) / (16384 /Sqart [x /65536]1)]1, {x, 16384, 65535}]]

0. 000104956

Max [Tabl e[Abs [N[rsqrt [x] -16384/Sqrt [x /65536111, {x, 16384, 65535}]]
2.26591

(*Reci procal square root with a linear approximation followed by two Newton
iterations. This is the sane ambunt of work, but is not as accurate as the above. %)

xi = N[(Table[-Cos[i #x/2], {i, O, 2}1%3 + 1) /4]

oufzz)= {-0.5, 0.25, 1.}

In[45]:=

pi =
{pO, pl} /. (Solve[({pO, pl}. {1, #} &/exi) - (f /exi) == {e, -€, €} (f /exi), {p0, pl, €}])[[1]]

outas]= {1.52341, -0. 609364}

In[46]:=

{1.5234089594072642', -0.6093635837629056' }

((fi /@xi) - (f /@xi)) / (f /e@xi)

ouiae- {-0. 0859546, 0.0859546, -0. 0859546}

In[47]:=

Xi =
Joi n[{xi [[11]}, #- ((D[(_fi [x] -f[x1)/f[x], x]/D[(fi [x]-f[x])/f[X], X, X] /. X->#) &/e#) &
Take[xi, {2, -2}11, {xi [[-1]1}]

ou47= {-0.5, 0.166667, 1.}



inagi= Plot [(fi [x] - f[x])/f[x], {x, -0.5, 1}]

out[48]=

In[49]:=

out[49]=

In[50]:=

In[51]:=

out[51]=

In[52]:=

out[52]=

In[53]:=

out[53]=

In[54]:=

out[54]=

In[55]:=

out[55]=

0.05+

-04 -0.2 L 0.2 0.4 0.6 .8

-0.05+

Round[pi *16384]
{24960, -9984}

rsqrt [x_]:=Mdule[{n, r, vy},
n=x-32768;
r =24960 + mg1l5[n, -99857];

y =nml5[myd5([r, r], n] +ngl5([r, r] - 16384,
r=r-mjlsf[r, yl;

y =nmgl5[ngl5([r, r], n] +ngl5([r, r] - 16384,
r=r-ml5f[r, vyl

1

rsgqrt /@ {16384, 16385, 16386, 16387, 16388, 16389, 16390, 16391}
{32764, 32763, 32762, 32761, 32760, 32759, 32758, 32757}

rsgrt /@ {65535, 65534, 65533, 65532, 65531, 65530, 65529, 65528}
{16383, 16383, 16383, 16383, 16384, 16384, 16384, 16384}

Plot [(rsqrt [x] -16384/Sqrt [x /65536]) / (16384 /Sqrt [x /65536]), {X, 16384, 65535}]

40000 WH{ 8 000
1

“M‘

Sqrt [Mean [
Tabl e[N[(rsqrt [x] -16384/Sqgrt [x /65536]) / (16384 /Sqrt [x /65536])1"2, {x, 16384, 65535}1]]

0. 0000722421

Vax [

L L 1
11150 000 60000

approx.nb | 3

Tabl e [Abs [N[ (rsqrt [x] - 16384 /Sqrt [x /65536]) / (16384 /Sqrt [x /65536]1)1], {X, 16384, 65535}]]

0. 000187016
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inse)= Max [Tabl e [Abs [N[rsqrt [x] - 16384 /Sqrt [x /65536111, {x, 16384, 65535}]]
outs6]= 5. 08058

in571:= (*Reci procal square root with pure pol ynom al approxinmations. These can be | ess work,
but are nowhere near as accurate, even when using the same nunber of mulitplies as above. %)

niel= Xi = N[(Tabl e[-Cos[i *x/5], {i, 0, 5}1%3 + 1) /4]

outssl= {-0.5, -0.356763, 0.0182373, 0.481763, 0.856763, 1.}

inesl= pi = {p0, pl, p2, p3, p4} /.
(Sol ve[ ({p0, pl, p2, p3, p4}. {1, #, #"2, #"3, #"4} &/exi) - (f /exi) ==
{e, -e, €, -e, e -e}*(f s/exi), {p0, pl, p2, p3, p4, €}1)[[1]]

oufesl= {1.41125, -0.702385, 0.601043, -0.545571, 0.237777}

o= ((fi /exi) - (f /rexi)) / (f /@xi)

oueo)= {-0.00211772, 0.00211772, -0.00211772, 0.00211772, -0.00211772, 0.00211772}
inf7op= Xi =Join[{xi [[111},

#- ((DL(fi[x]-f[x]) /7 (F[x1), x1/D[(fi [x]-f[x])/ (f[X]), X, X] /. X>#) &/@#) &
Take[xi, {2, -2}11, {xi [[-1]1}]

ouf7o}= {-0.5, -0.373965, -0.0214785, 0.446693, 0.844448, 1.}

n7g= Plot [(Fi [x] - f[x1) /f[x], {x, -0.5, 1}]

out[71]=

0.8 1.0

in[72:= Round [16 384 * pi ]

out72]= {23122, -11508, 9847, -8939, 3896}

in[73l:= rsqrtp[x_]:=Mdul e[{n},
n=x-32768;
23122 +myl5[n, -11508 + ngl5[n, 9847 + mgl5[n, -8939 + ngl5[n, 38961111
1



In[74]:=

out[74]=

In[75]:=

out[75]=

In[76]:=

out[76]=

In[77]:=

out[77]=

In[78]:=

Out[78]=

In[91]:=

Out[91]=

In[92]:=

out[92]=

In[93]:=

out[93]=
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Plot [(rsgrtp[x] -16384/Sqrt [x /65536]) / (16384 /Sqrt [x /65536]), {X, 16384, 65535}]

L L Lo L L L L L L L
[T \ " 30000 40000

R |

~0.002|-
Sgrt [Mean[Tabl e[

N[(rsqrtp[x] - 16384 /Sqrt [x /65536]) / (16384 /Sqrt [x /65536])172, {x, 16384, 65535}]1]]
0. 00149898

Max [Tabl e[
Abs [N[(rsqrtp[x] -16384 /Sqrt [x /65536]) / (16384 /Sqrt [x /65536])]1], {x, 16384, 65535}]1]

0. 00230869

Max [Tabl e[Abs [N[rsqrtp[x] -16384/Sqrt [x /65536111, {x, 16384, 65535}]]
70. 0002

Xxi = N[(Table[-Cos[i *n7n/6], {i, 0, 6}]%3 + 1) /4]
{-0.5, -0.399519, -0.125, 0.25, 0.625, 0.899519, 1.}
pi = {p0, pl, p2, p3, p4, p5} /.

(Sol ve[ ({p0, pl, p2, p3, p4, p5}. {1, #, #"2, #"3, a4, "5} &/exi) - (f /exi) ==
{e, -€, €, -€, €, -€, €} (f /@exi), {p0, pl, p2, p3, p4, p5, €}1)[I[1l]]

{1. 41405, -0.699353, 0.530116, -0.53289, 0.478055, -0.190627}

((Fi /@xi) - (f s@xi)) / (f /exi)

{-0. 000648318, 0.000648318, -0.000648318,
0. 000648318, -0.000648318, 0.000648318, -0. 000648318}

Xi =
Join[{xi [[1]11}, #- ((DL(fi [x]1-f[x1)/f[x], x1/D[(fi [x]-f[x])/f[X], X, X] /. X >#) &/e#) &[
Take[xi, {2, -2}11, {xi [[-1]1}]

{-0.5, -0.410543, -0.154716, 0.214843, 0.601119, 0.892047, 1.}
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mpear= Plot [(fi [x] - f[x])/f[x], {x, -0.5, 1}]

out[94]=

in[es:= Round [16 384 % pi ]

outos]= {23168, -11458, 8685, -8731, 7832, -3123}
n[oel:= rsqrtp[x_1:=Mdul e[{n},
n=x-32768;

23168 + my15[n, -11458 + myl5[n, 8685+ nql5[n, -8731 + myl5[n, 7832+ ngl5[n, -312311111
1

7= Plot [(rsqrtp[x] -16384/Sqrt [x /65536]) / (16384 /Sqrt [x /65536]), {Xx, 16384, 65535}]

N

out[97]=

|
I
a

ines):= Sqrt [Mean[Tabl e[
N[(rsqrtp[x] -16384/Sqrt [x /65536]) / (16384 /Sqrt [x /65536])]"2, {x, 16384, 65535}1]]

outog)= 0. 000455923

in[oo]:= Max [Tabl e[
Abs [N[(rsqrtp[x] -16384 /Sqrt [x /65536]) / (16384 /Sqrt [x /65536]1)1], {x, 16384, 65535}]11]

out99]= 0. 000915477

inro0):= Max [Tabl e[Abs [N[rsqrtp[x] -16384 /Sqrt [x /65536]]], {X, 16384, 65535}]]
out[100]= 22. 0022

infro1]:= Xi = N[(Tabl e[-Cos[i *7x/7], {i, 0, 7}1%3 + 1) /4]

oui01)= {-0.5, -0.425727, -0.217617, 0.0831093, 0.416891, 0.717617, 0.925727, 1.}
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nf11= pi = {p0, pl, p2, p3, p4, p5, p6} /.
(Sol ve[ ({p0, pl, p2, p3, p4, p5, p6}. {1, #, #~2, # 3, #"4, #°5, #"6} &/exi) - (f /exi) ==
{e, -€, €, —-€, €, —-€, €, _e}*(f /@XI )1 {por plﬂ p21 p3: p41 p51 p61 G}])[[ll]

ouf111]= {1. 41446, -0.70585, 0.517164, -0.450303, 0.494537, -0.425383, 0.155575}
2= ((Fi 7exi) - (f 7rexi)) /7 (f /@xi)

ou112)= {-0.000200963, 0. 000200963, -0. 000200963,
0. 000200963, -0.000200963, 0. 000200963, -0. 000200963, 0.000200963}

n[113)= Xi =

Join[{xi [[1]11}, #- ((D[(fi [x]-f[x])/f[x], x]/D[(fi [x]-f[x])/f[x], X, X] /. X >#) &/@#) &[
Take([xi, {2, -2}11, {xi [[-1]1}]

ou113= {-0.5, -0.433174, -0.239699, 0.0523423, 0.389095, 0.701094, 0.920881, 1.}

4= Plot [(Fi [x] - f[x]) /f[x], {x, -0.5, 1}]

0.0002
0.0001

Out[114]= —f 1

in[115]:= Round[16 384 % pi ]

ou115]= {23175, -11565, 8473, -7378, 8103, -6969, 2549}

in[116]:= rsqrtp[x_]1:=NModul e[{n},
n=x-32768;
23175 +nmgl5[n,

-11565 + nq15[n, 8473 +ngl5[n, -7378 + ngl5[n, 8103 + nyl5[n, -6969 + myl5[n, 2549111111
1

n171= Plot [(rsqrtp[x] -16384/Sqrt [x /65536]) / (16384 /Sqrt [x /65536]), {x, 16384, 65535}]
0.0

0.0p01

Out[117]= _0.0001

-0,0002

-0.0003

—0.0004
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n18]:= Sgrt [Mean[Tabl e[
N[ (rsqrtp[x] -16384/Sqgrt [x /65536]) / (16384 /Sqrt [x /65536]1)]1"2, {Xx, 16384, 65535}111]

out118)= 0. 000154571

inpi1o1:= Max [Tabl e[
Abs[N[(rsqrtp[x] -16384/Sqrt [x /65536]) / (16384 /Sqrt [x /65536])]1], {x, 16384, 65535}1]

ouff119)= 0. 000428171

in[120;:= Max [Tabl e[Abs [N[rsqrtp[x] -16384 /Sqrt [x /65536]]], {X, 16384, 65535}]]
out[120]= 7. 18896

in123):= (*Pol ynom al approxi mati on of a square root. x)

npea)= FIX_1:=Sqrt [(x +1) /2]

in12s]= Xi = N[(Tabl e[-Cos[i *7x/5], {i, 0, 5}1*3 + 1) /4]

ou125]= {-0.5, -0.356763, 0.0182373, 0.481763, 0.856763, 1.}
In[144]:= pl = {pO, plr p21 p37 p4} /.
(Sol ve[ ({p0, pl, p2, p3, p4}. {1, #, #"2, #"3, g4} &/exi) - (f /exi) ==
{e, -€, €, -€, €, -} (f /exi), {p0, pl, p2, p3, p4, €}1)[I[1l]]
out144]= {0. 70724, 0.352788, -0.0918906, 0. 0518601, -0.0202491}

{0.7072403335147993", 0.35278823789299407*,
-0. 09189057085305771*, 0. 051860055091630206°, -0.020249053852030158" }

npas)= ((fi /exi) - (f 7rexi)) / (f /@xi)
out145]= {0. 000250998, -0.000250998, 0. 000250998, -0. 000250998, 0. 000250998, -0. 000250998}

in[146):= Xi =Join[{xi [[1]1]1},
#- ((DL(fi[x]-f[x]) 7 (FIx1), x]1/Dp(fi [x]-f[x])/ (FIX]), X, X] /. X »>#) &/@#) &[
Take([xi, {2, -2}11, {xi [[-1]1}]

out146)= {-0.5, -0.401682, -0.0969033, 0.369975, 0.815118, 1.}

npa7;= Plot [(Fi [x] - f[x]) /f[x], {x, -0.5, 1}]

Oout[147]= e P N
-04 -0.2 r 0.2 0.4

~0.0001F

-0.0002
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in[148:= Round[32768 « pi ]

oufisg- {23175, 11560, -3011, 1699, -664}

In[149]:= sqrtp[x_]1:=NModul e[{n},
n=x-32768;
23175 +ml15[n, 11561 + mg15[n, -3011 + mgl5[n, 1699 + ngl5[n, -664]111]
1

n1s0)= Plot [(sqrtp[x] -Sgrt [x /65536] *32768) / (Sqrt [x /65536] *32768), {Xx, 16384, 65535}]

0, 002% M\W
0.001 ‘M

out[150]=

In[151:= Sqrt [Mean[
Tabl e[N[ (sqrtp[x] -Sqrt [x /65536] *32768) / (Sqrt [x /65536] *x32768)1"2, {x, 16384, 65535}]1]]

out151]= 0. 000175912

in1s2):= Max [Tabl e[
Abs [N[ (sqrtp[x] -Sqrt [x /65536] *32768) / (Sqrt [x /65536] *32768)1], {X, 16384, 65535}]]

out152]= 0. 000335749
in153):= Max [Tabl e[Abs [N[ (sqrtp[x] -Sqrt [x /65536] *32768)]1], {X, 16384, 65535}]]

out[153)= 10. 999

ns4:= («JM's original square root approximation for conparison. )

in[1ss)= sqrtp[x_]1: = Mdul e[{n},
n=x-32768;
23174 +ngl5[n, 11584 + ngl5([n, -3011 + nmy15([n, 1570 + ngi5([n, -5571]111]
1

inse)= Plot [(sqrtp[x] -Sqrt [x /65536] *32768) / (Sqrt [x /65536] *32768), {Xx, 16384, 65535}]

out[156]=
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n[1571:= Sqrt [Mean[
Tabl e[N[ (sqrtp[x] -Sqrt [x /65536] *32768) / (Sqrt [x /65536] *32768) 172, {x, 16384, 65535}]1]

out1571= 0. 000157979

in[1s8):= Max [Tabl e[
Abs [N[ (sqrtp[x] -Sqrt [x /65536] *32768) / (Sqrt [x /65536] *x32768)1], {X, 16384, 65535}]]

out158)= 0. 000884886

Inisoq- Max [Tabl e [Abs [N[ (sqrtp[x] - Sqrt [x /65536] *32768)1], {X, 16384, 65535}]]
out159]= 14. 5002

in60;:= (*Pol ynomi al approxi mati on of cosine. %)

6= f[X_1:=Cos[Sqrt [X] xx /2]

n62):= Xi = N[Tabl e[-Cos[i *x/4], (i, 0, 4}1+11/2

oufiez)= {0., 0.146447, 0.5, 0.853553, 1.}

nfi721= pi = {p0, pl, p2, p3} /.
(Sol ve[ ({p0, pl, p2, p3}. {1, #, #"2, #"3} &/exi) - (f /exi) == {-€, €, -€, €, -€},
{pP0, pl, p2, p3, €}1)[[1]]

oui721= {0. 999993, -1.23348, 0.25258, -0.0190957}
{0. 9999932952821674‘, -1. 233484503785825°, 0.2525802391345619', -0. 01909573534873664" }

np7a= (Fi 7exi) - (f 7exi)

our73= {-6.70472x10°, 6.70472x10°°, -6.70472x10°, 6.70472x10°, -6.70472x10°}

n741= Xi =Join[{xi [[11]1},
#- ((Dfi [x] -f[x], x]/D[fi [x]-f[x], X, X] /. x>#) &/@e#) &[Take[xi, {2, -2}11, {Xi [[-111}]

ou174)= {0., 0.145581, 0.498265, 0.852684, 1.}
np7sp= Plot [fi [x] - f[x], {x, 0, 1}]
6.x 107
4.x10°f
2.><10’6:

Out[175]=

i 0.4 06
_2.x10°8}

—4.x10°8}

-6.x107°

in176]:= Round[32768 xpi ] + {0, 32768, 0, 0}

ouf176)= {32768, -7651, 8277, -626}
n1771:= mgl5pfa_, b_] :=Round[axb= (1. /2"15)]

in[178]:= CcOspi 2p[x_]1 : = Modul e[ {x2},
x2 =myl5p[x, x] -1;
32767 -x2 + m15[x2, -7650 + ngl5[x2, 8277 + ngl5[x2, -626]11]
1



in179):= Pl ot [ (cospi 2p[x] - Cos[X » 7 /65536] *32768), {x, 0, 32767}]

{

out[179]=

-20

npsol= Sgrt [Mean[Tabl e [N[ (cospi 2p[Xx] - Cos[X 7/ 65536] #32768)1"2, {Xx, 0, 32767}]111

out180j= 0. 508555

in181]:= Max [Tabl e [Abs [N[ (cospi 2p[x] - Cos[x *# 7w/ 65536] *32768) 1], {x, 0, 32767}]1]
ou181]= 2. 00436

nps2)= (*This is JMs original approximtion,
which was pretty good, if slightly nore conplicated. %)

In[183:= COSPi 2p[x_] : = Modul e[{x2},
X2 = myl5p[x, XI;

1+Mn[32766, 32767 - x2 + nU15p[x2, -7651 + nyl5p[x2, 8277 + myl5p[x2, -6261]11]

1
in[1841:= Pl ot [ (cospi 2p[x] - Cos[x * 7/ 65536] *32768), {x, 0, 32767}]

15

out[184]=

in[18s):= Sqrt [Mean[Tabl e [N[ (cospi 2p[x] - Cos[X * 7/ 65536] *32768) 1”2, {Xx, 0, 32767}]111]
outf185]= 0. 528566

in[186):= Max [Tabl e [Abs [N[ (cospi 2p[x] - Cos[X =7/ 65536] *32768)]1], {X, 0, 32767}]1]
out186]= 1. 91708
ns7:= (*Pol ynom al approxi mati on of the binary |ogarithm )

npesi= f[X_1:=Log[2, (2%Xx +3) /4]

approx.nb | 11
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n[189)= Xi = N[(Tabl e[-Cos[i *x/4], {i, 0, 4}1) /2]

oufis9= {-0.5, -0.353553, 0., 0.353553, 0.5}

inrzos:= Pi = {p0, pl, p2, p3} /.
(Sol ve[ ({p0, pl, p2, p3}. {1, #, #"2, #"3}&/exi) - (f /exi) == {e€, -€, €, -€, €} (2+f /@xi),
{p0, pl, p2, p3, €}1)[[1]]

out205)= {-0.414454, 0.959092, -0.339513, 0.165411}
{-0.4144541824871411', 0.9590923197873218', -0.3395129038105771‘, 0. 16541096501128538" }
inpoel= ((fi /exi) - (f 7/@xi)) / (2+ (f /@xi))

out206)= {0. 000445061, -0.000445061, 0. 000445061, -0. 000445061, 0.000445061}

In2071:= Xi =Join[{xi [[11]1},
#- ((DL(Fi [x]-f[x1)/ (2+f[x]), x]/DL(fi [x]-f[x])/ (2+f[x]), X, X] /. X>#) &/@#) &[
Take([xi, {2, -2}11, {xi [[-1]1}]

out207= {-0.5, -0.392297, -0.0763497, 0.316139, 0.5}

inpogl= Plot [ (fi [x] - f[x])/ (2+f[x]), {X, -0.5, 0.5}]

OU[[ZOS]: L L 1 L L it L L L L L L L L
-04 -0.2 L 0.2 0.4

—-0.0002 -

—0.0004 -

in2001- Round [pi {16384, 8192, 4096, 2048}]

out200]= {-6790, 7857, -1391, 339}

in210]:= Round[pi %16 384]

out210)= {-6790, 15714, -5563, 2710}

in211]:= 1 0g2p[x_]1 : = Modul e[ {n},
n=x-32768-16384,
Fl oor [ (-6758 + ngl15[n, 15715 + ngl5[n, -5563 + ngl5[n, 2708]]1]1) / 64]
1
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in212]:= Plot [ (1l og2p[x] -Log[2, x /65536] »256) / ((2 +Log[2, x /65536]) *256), {x, 32768, 65535}]

0,002

Qi

! H‘IJ | H\MH‘ Hi i l\ 1 I

Out[212]= ‘ T i ‘[ i ‘| m: i i ‘:H | wlwluumw lu “‘\| Hﬂllllw..

|
i

|
I
|
|
|
|
|

-0.002
in213]:= Sqrt [Mean[Tabl e[
N[ ((l 0g2p[x] -Log[2, x /655361 *256) / ((2 +Log[2, x /65536]) *256))"2], {x, 32768, 65535}]111]
out213)= 0. 000827046

in2141= Max [Tabl e[
Abs [N[ (I 0g2p[x] - Log[2, x /655367 x256) / ((2 +Log[2, x /65536]) x256)1], {x, 32768, 65535}]]

ou214]= 0. 00231846

in2151= Max [Tabl e [Abs [N[l og2p[x] - Log[2, x /65536] *2561]1, {x, 32768, 65535}]]

outz15]= 0. 71076

in216)= (*This was JMs original approximation,
which was pretty good except for the lack of rounding bias at the end. x)

in2171:= 1 0g2p[x_1 : = Modul e[ {n},
n=x-32768 -16384,
Fl oor [ (-6791 + nml4[n, 7872 + ngl4[n, -1392 + myl4[n, 319]]]) /64]
1

in218]:= Plot [ (1 og2p[x] -Log[2, x /65536] »256) / ((2 +Log[2, x /65536]) *256), {x, 32768, 65535}]

BNl

out[218]=

in219]:= Sgrt [Mean[Tabl e[
N[ ((l 0g2p[x] -Log[2, x /65536] *256) / ((2 +Log[2, x /65536]) *256))"2], {x, 32768, 65535}]111]

outz19]= 0. 00165048
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in220;:= Max [Tabl e[
Abs [N[ (Il og2p[x] -Log[2, x /65536] *256) / ((2 +Log[2, x /65536]) »256) 11, {x, 32768, 65535}]]

out220)= 0. 00407666
inj221]= Max [Tabl e [Abs [N[l 0g2p[x] - Log[2, x /65536] »256]1], {x, 32768, 65535}]]

out221]= 1. 19962

in222]:= (*Pol ynomi al approxi mati on of the binary exponential. )
inf223)= f[X_]:=2"x

n224= Xi = N[(Tabl e[-Cos[i *7x/4], {i, 0, 4}]1) +11/2

outzza- {0., 0.146447, 0.5, 0.853553, 1.}

in237;= Ppi = {p0, pl, p2, p3} /.
(Sol ve[ ({p0, pl, p2, p3}. {1, #, #"2, #"3}&/exi) - (f /exi) == {e, -€, €, -¢€, €} = (f /@xi),
{p0, pl, p2, p3, €}1)[[1]]

out237]= {0. 999925, 0.695834, 0.226067, 0.0780245}
{0. 9999252185627103', 0. 6958335404948245"', 0. 2260671554272475", 0. 07802452264063828" }

in3g)= ((fi 7exi) - (f rexi)) / (f 7@xi)

out[238)= {-0.0000747814, 0.0000747814, -0.0000747814, 0.0000747814, -0.0000747814}

In[239]:= Xi =
Join[{xi [[111}, #- ((DL(fi [x]-f[x]) /f[x], x]/D[(fi [x]-f[x])/f[x], X, X] /. x> #) &/e#) &[
Take[xi, {2, -2}11, {xi [[-1]1}]

ouzagl- (0., 0.130276, 0.465445, 0.834978, 1.}

nao)= Plot [(fi [x] - f[x])/f[x], {x, O, 1}]

0.00006 -
0.00004 f
0.00002

out[240]=

—0.00002 F
—0.00004 -

—0.00006

in241]:= Round[pi %16 384]
out241]= {16383, 11401, 3704, 1278}

in[242]:= Round[pi % {16384, 32768, 65536, 65536 %2}]

out242)= {16383, 22801, 14816, 10227}

In[243]:= €XP2p[X_]1:=
16383 + nl15[x, 22804 + ngl5[x, 14819 + m15[x, 10204]1]1]
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in[244]:= Pl ot [ (exp2p[x] -2" (x /16384) »16384) / (2" (x /16384) »16384), {x, 0, 16383}]

J

0.00005 -

out[244]=

~0.00005 [

-0.0001

In[245]:= Sqrt [

Mean[Tabl e [N[ ((exp2p[x] - 2" (x /16384) »16384) / (2" (x /16384) *16384))"2], {x, 0, 16383}]1]]
out[245)= 0. 0000499743

in2461= Max [Tabl e [Abs [N[ (exp2p[X] - 2" (x / 16 384) = 16 384) / (2~ (x /16384) x16384)]], {Xx, 0, 16383}1]

out[246)= 0. 000117927

in247):= Max [Tabl e [Abs [N[exp2p[X] - 2" (x /16384) »16384]], {X, 0, 16384}]]

out247)= 3. 82733

ne4si= (*This was JM s original approxi mation. %)

In[249]:= €XP2p[X_]1: =

16384 + nmyl4[x, 11356 + ngl4[x, 3726 + nld[x, 1301]]]

in2s0:= Pl ot [ (exp2p[x] -2 (x/16384) »16384) / (2™ (x /16384) »16384), {x, 0, 16383}]

~0.0001

~0.0002

—0.0003
out[250]=
—0.0004

-0.0005

—0.0006 -
~0.0007 F

In[251]:= Sqrt [Mean[

L L L L L 1 L L L L 1 L
5000 10000 15000

Tabl e [Abs [N[ ( (exp2p[x] - 2" (x / 16384) x»16384) / (2 (x / 16384) x16384))~2]], {X, 0, 16383}]]]
out[251]= 0. 000432746

in[252]:= Max [Tabl e [Abs [N[ (exp2p[Xx] - 2" (x /16384) »16384) / (2" (x /16384) *16384)1], {x, 0, 16383}]]

ouzs2- 0. 000693476
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in253):= Max [Tabl e [Abs [N[exp2p[X] - 2" (x /16384) »16384]], {X, 0, 16384}]]

out[253)= 16. 0832

in2s4:= (*Pol ynom al approxi mati on of the reciprocal. %)
inss)= f[X_1:=4/(X+3)

in2s6l= Xi = N[(Table[-Cos[i *x/5], {i, 0, 5}])]

outzs6)= {-1., -0.809017, -0.309017, 0.309017, 0.809017, 1.}
n63)= Ppi = {p0, pl, p2, p3, pd} /.
(Sol ve[ ({p0, pl, p2, p3, p4}. {1, #, #"2, #"3, g4} &/exi) - (f /exi) ==
{e, -€, €, -€, €, -€}* (f /exi), {p0, pl, p2, p3, p4, €}1)[I[1l]]
outze3)= {1.33333, -0.442462, 0.147487, -0.0570919, 0.0190306}

neeal= ((fi /exi) - (f /exi)) / (f /@xi)

ouz64]= {-0.000297354, 0.000297354, -0. 000297354, 0. 000297354, -0.000297354, 0.000297354}

In[265]:= Xi =
Joi n[{xi [[111}, #=- ((DL(fi [x]-F[x1)/7f[x], x]1/D[(fi [x]-f[x])/f[X], X, X] /. X>#) &/@#) &[
Take([xi, {2, -2}11, {xi [[-1]1}]

outzes)= {-1., -0.809017, -0.309017, 0.309017, 0.809017, 1.}

nee)= Plot [(fi [x] - f[x])/f[x], {x, -1, 1}]

0.0003|-

0.0002F

out[266]=
1

05 1.0

in[267):= Round[pi %16 384]

out267]= {21845, -7249, 2416, -935, 312}

in[268]:= rcpp[x_1:=Modul e[{n},
n=x-65536-32768;
21845 + nmyl5[n, -7249 + ngl5[n, 2416 + ngl5[n, -935+ ngl5[n, 3157111
1
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in269):= Plot [(rcpp[x] - (65536 /X) #32768) / ((65536/x) »32768), {x, 65536, 131071}]

0.0004

Out[269]=

1 L T S E R S EEY T T E R R |
[ L 80000 90000 000 110000 1 130000

0'f002 \

—0.0004 -

In[2701:= Sqrt [Mean[
Tabl e [Abs [N[ ((rcpp[Xx] - (65536 /x) »32768) / ((65536 /x) *32768)) 211, {Xx, 65536, 131071}]11]

out[270]= 0. 000213052

in271:= Max [Tabl e[Abs [N[ (rcpp[x] - (65536 /x) *32768) / ((65536/x) *32768)1], {x, 65536, 131071}]]
outi271]= 0. 00040389

in[272):= Max [Tabl e [Abs [N[rcpp[X] - (65536 /x) *32768]], {x, 65536, 131071}]]

out272]= 10. 2927

in73)= (*This was JM's original approximation,
whi ch was quite good. The major discrepancy is that it optimzed for absol ute,
not relative error. x)

In[274:= rcppx_1: = Mdul e[{n},
n=x-65536-32768;
21848 + mgl5[n, -7251 + mgl5[n, 2403 + ngl5[n, -934 + mgl5[n, 3271111
1

in275]:= Plot [(repp[x] - (65536 /x) *32768) / ((65536 /x) *32768), {x, 65536, 131071}]

0.0004 -

Out[275]=

90000 4 100000 110000 130000

—0.0004

n[276l:= Sqrt [Mean[
Tabl e [Abs [N[ ((rcpp[x] - (65536 /x) »32768) / ((65536 /x) *32768)) 211, {x, 65536, 131071}]111]

out276)= 0. 000228586

in[277:= Max [Tabl e [Abs [N[ (rcpp[Xx] - (65536 /x) *32768) / ((65536/x) *32768)1], {x, 65536, 131071}]]
out277)= 0. 00047091
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in[27g]:= Max [Tabl e [Abs [N[rcpp[X] - (65536 /x) *32768]], {x, 65536, 131071}]1]

out27g]= 11. 3349

n279]:= (*Reci procal approxi mation using |inear interpolation followed by
two rounds of Newton's nethod. This gets us to the |level of truncation
error with just 1 nore multiply than the pol ynomi al approxi mation. *)
nso= FIX_1:=2/7(x+1)
nee1)= Xi = N[(Table[-Cos[i *x/2], {i, 0, 2}])+11/2

outzs1j= {0., 0.5, 1.}

In[282]:= Pi =
{p0, pl} /. (Solve[ ({p0, pl}. {1, #} &/exi) - (f /@xi) == {e, -€, €} * (f /@xi), {p0, pl, €}1)I[I[1]1]

outze2)= {1. 88235, -0.941176}
{1.8823529411764706‘, -0.9411764705882353" }

ines3;= ((Fi 7exi) - (f 7rexi)) / (f /@xi)

out283)= {-0.0588235, 0.0588235, -0.0588235}

In2s4l= Xi =
Join[{xi [[111}, #- ((DL(fi [x] -f[x]) /f[x], x]/D0(fi [x]-f[x])/f[x], X, X] /. x> #) &/en) &[
Take[xi, {2, -2}11, {xi [[-111}]

outzs4)= {0., 0.5, 1.}

inpess)= Plot [ (fi [x] - f[x]) /f[x], {x, O, 1}]

0,061
004}
0.02

Out[285]=

1.0

—o02f

-004f

-0.06F
in[286]:= Round[pi %16 384]

ouzse)= {30840, -15420}

in[287]:= rcp[x_]:=Modul e[{n, r},
n=x-32768;
r =30840 + ngl5[-15420, nJ;
r=r-nmgl5(r, nyl5[n, r] + (r -32768)1;
r=r-(ml5fr, myd5[n, r] + (r -32768)] +1)
1
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infzss= Plot [(rcp[x] - (32768 /x) x32768) / ((32768/x) »32768), {x, 32768, 65535}]

Jl f ‘M} Il m

’ l “'“ | I‘\ H\“ IH "W’l" |I;i"|\;"ﬁ:|'"‘ " |“’ li‘,F'“'il"Hn‘ w‘\ "1' ?;

|
out[288]= —0,0p u “u‘ l” \“\ " \ﬂ‘ w ‘\ ‘\‘ "J “ [
\

~0.00006 |-

Inf289):= Sqrt [Mean[
Tabl e[Abs [N[ ((rcp[x] - (32768 /x) *32768) / ((32768/x) *x32768))"21], {X, 32768, 65535}111]

out[2s9)= 0. 0000214418

in[290:= Max [Tabl e [Abs [N[ (rcp[x] - (32768 /x) *32768) / ((32768/x) *32768)]11, {Xx, 32768, 65535}]]
out290)1= 0. 0000705346

in2o1]:= Max [Tabl e[Abs [N[rcp[X] - (32768 /x) *32768]], {x, 32768, 65535}]1]

out291]= 1. 24665



